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Abstract 

It is shown that the spatial Sobolev norms of regular global solutions of 
the (2+1), (3+1) and (4+l)-dimensional Klein-Gordon-Schrodinger system 
and the (2+1) and (3+l)-dimensional Zakharov system grow at most poly- 
nomially with a bound depending on the regularity class of the data. The 
proof uses the Fourier restriction norm method. 

Introduction 

Consider the Cauchy problem for the Klein - Gordon - Schrodinger system (KGS) 
with Yukawa coupling in space dimension 2 < n < 4 : 

</.ii + (-A + l)0 = IVP (1) 

V'(o) = ^0 , m = (ko , 0t(o) = 

where "0 is the complex-valued nucleon field and 4> the real-valued meson field. 

Local existence and uniqueness holds for data (V'O; (f^o^'Pi) ^ x x H^~^ , 
if s > 1 , m > and s — l<m<s + 2, and the life span depends only on 
II^/'oIIhi ) II'/'oIIh'' and ||</)i llji^i-i , where (5 = , if n < 3 , and 5 > arbitrarily 
small, if n = 4 (for details see Prop. 2.1 below). Cf. also [13], Thm. 2.1. 

If we assume data with finite energy, i.e. s,m > 1, the conservation laws 
imply that this local solution can be extended globally in time, if n = 2 or n = 3, 
and, provided HV'ollLa is small, if n = 4. 

So the question arises whether a non-trivial bound in time for the Sobolev 
norms of the solution can be given. We show in Theorem 2.1 below that for all 
s >> 1 a polynomial bound can be given, and especially for s<m<s + lwe 
have the estimate 

Hs + wmWu^ + Ut{t)\\H^-^ < c(i + ty-^ 
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To prove such a result we use the Fourier restriction norm method using bihnear 
estimates in order to control the nonlinear terms and to get an estimate of the 
form 

m<fiT) + cf{T)'-' 

with < (5 < 1 on any interval t G [t, r + to] for a fixed to. Here f(t) is the sum 
of the involved Sobolev norms of tp , cf) and (f)t. Bourgain [3] observed that such 
an inequality implies the bound (cf. Lemma 2.1) 

fit) < Ci + C2t^ 

and used it to prove polynomial bounds for Sobolev norms of solutions to non- 
linear Schrodinger and wave equations [3]. 

StafHlani [14], [15] improved these results in the case of the nonlinear Schrodin- 
ger equation and considered moreover KdV-type equations. 

Colliander, Delort, Kenig and Staffilani [6] improved the results for the (2+1)- 
dimensional Schrodinger equation iut + Au =b \u\'^u = further and were able to 
show the bound ||u(t)||j/s < c|t|3(*~^)+ (s >> 1) for global solutions by using 
sharp bilinear estimates, which also imply new local- wellposedness results for 
rough data. Moreover in the case of blow-up solutions upper and lower bounds 
for 11^1(^)11^^8 (s >> 1) were given. 

We also consider the Cauchy problem for the Zakharov system in space di- 
mension n = 2 and n = 3 : 

^^l^t + A^ = (pip 

<Ptt-A4> = A(|V^|2) (2) 
V'(O) = , 0(0) = (po , MO) = <Pi 

A general local existence and uniqueness result was proven by [8] improving local 
(and global) wellposedness in energy space [4], [5]. 

Assuming tpo & , (po e H"^ and (-A)-V2^i g H"^ with s > 1 , m > 0, 
m-|-l>s>mitis not difficult to see that their arguments imply that the 
life span depends only on H-^oll/fi j I|0o||l2 and ||(— A)~^/^0i||^2 (cf. Prop. 3.1). 
This solution can be extended globally by using the mass and energy conservation 
(cf.(18),(19),(20)), provided HV'oIIl^ is sufficiently small if n = 2, and provided 
llV'olli/i + ||'^o1Il2 + IK"^)""^^^*/"! is sufficiently small if n = 3. Again using 
the Fourier restriction norm method we show that in this situation a polynomial 
bound for 1 1 ■(/'(*) 1 1//" +\\4>{t)\\H^ +\\{-A)~'^/'^4>t{t)\\H"^ can be given for m + 1 > 
s> m and s >> 1 (Theorem 3.1). This bound depends on s and m. 

J. Colliander and G. Staffilani [7] considered the case n = 2 for the Zakharov 
system and proved the bound ||V'(^)||/i'^ ^ c(l + t)*'^^^ for s » 1 and data in 
the Schwarz class and (pi € ([7], Theorem 1). Their arguments imply that 
in fact the Schwarz space here can be replaced by the assumption (tpQ, ^Oj 0i) S 

X X H^~^ , and also a bound for ||(/)(t) -|- ||0t(t)||;js-2 can be given. 

The necessary bilinear estimates for both problems are given in section 1, the 
KGS system is considered in section 2 and the Zakharov system in section 3. 
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For an equation of the form iut — <f{—iVx)u = and ip measurable we use 
the spaces X^'^ which are the completion of the Schwarz space <S with respect to 

11/11 , : = II < ^ >«< r >^ ^(e-^*'^(-^^^)/(x,t))|L. 
= \\<^>'<r + ^{0>''m,r)hi 

For ip{^) = lb < ^ > or we use the notation X^'^ and for ip{^) = simply 
X^'^. For a given time interval I we define 

= jnf 11/11x^,6 and similarly ||/||_^.,i>.^s 
f\i=f * ^ ' 

We rely on [8] for the framework of the technique. For the method cf. also 
Bourgain [1],[2], Klainerman and Machedon [11], [12], and Kenig, Ponce and Vega 
[10]. 

Fundamental for our bilinear estimates are the following Strichartz type esti- 
mates for the Schrodinger equation: 

and 

ll/llL?(7,LS(Rn)) < c||/||^o,i+^^^ 

if < I = n(i - i) < 1 (cf. [8], Lemma 2.4). The endpoint case {q,r) = (2, 
is also admissible if n > 3 (cf. [9], Cor. 1.4). 

We use the notation < A >:= (1 + A^)^/^ for A G R and a+ (resp. a—) for 
a number slightly larger (resp. smaller) than a. Finally, := J^"^ < ^ ^ , 
where denotes the spatial Fourier transform. 

Acknowledgment: The authors would like to thank J. Colliandcr and G. Staffi- 
lani for helpful correspondence concerning their work [7] on the Zakharov system. 

1 Bilinear estimates 

In this section we collect the estimates which are used to control the nonlinear 
terms in KGS as well as the Zakharov system. 

We start with the estimates from [8], Lemma 3.4 and 3.5. 

Lemma 1.1 In space dimension 2 < n < A we have with 5 = for n = 2 or 
n = 3 and S > arbitrarily small for n = 4 ; 
a) _ 

||V'lV'2||^^+l,_l+ < c||V'l||^,,l+||^2||^.,l + 

ifs>0,2s>m + l + S,s>m. 
b) 

||0±^||^.,_i+<c||</>±||^^,ij|^||^„i + 
ifm>S,0<s<m+l . 
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Using the Leibniz rule for fractional derivatives we get as an immediate conse- 
quence the following 

Lemma 1.2 In space dimension 2 < n < 4 the following estimates hold: 

a) if m>3 and e > arbitrarily small: 

||V'l'02||^,.-l.-l+ < C(||?/'l||^^_2+2,,l+||^2||^l_,,l+ + ||'0l||^l_,,l+||^2||^^_2+2.,l + ) 

b) ifs > 1 : 

||<^±^||^.,_i+ < c(||<^±||^,i + ||<^±II^.-,+,iJ|V'll^i-.i+) 

with 5 > , and 5 > arbitrarily small in the case n = 4. 

These estimates are sufficient to give a local existence result in the form we 
need it for our investigations, but in order to prove the desired polynomial growth 
for certain Sobolev norms of the solution we need another bilinear estimate which 
will be deduced next. 

Lemma 1.3 Let b > 1/2 . Then for space dimension 2 < n < 4 the following 
estimates hold true: 

< cll/llxo.olbllxO'" (3) 
WfaWmH-'-) ^ 4f\\xo,b\\9\\xO:» (4) 
\\f9\\x-^-.-b < cWfhlMhr (5) 
\\fg\\x-i-,-i> < c\\f\M\9\\Ll, (6) 

Proof: Fix i = f , = 1 - i , i = 1 - t , i = i + i and i = t - i Prom 
Strichartz' estimates we obtain the embeddings 

X''' C LULt) (7) 

and 

X''' C Lf (8) 

For n = 4 this follows from the endpoint case {q,r) = (2,4) of the Strichartz 
estimates. Now using the dual version of (7), Holder, again (7) as well as an 
embedding in the time variable, we obtain the following chain of inequalities: 

\\fg\\xO.-b < c||/ffll^.'(i4/3) < c||/||i|(i4)||i?||iF(i2) < 011/11x0,6 11511x0,!- 

This is (3). To see (4) we use Sobolev's embedding theorem in the x- variable. 
Holder, (8) and again a time embedding: 

ll/ffllL|(//-i-) < cWfahliLr) < c\\f\\Lj{Ln)\\9\\LP{Ll) < 4f\\x0.»\\9\\x°/ 

Concerning (5) and (6) we start by using the dual version of (7) and Sobolev in 

\\f9\\x-^-,-^<c\\f9\\^,^^.,.,.^<c\\fg\\^,^,,^ 
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The latter is bounded by 

c||/llL2jblli2p(L2) < c\\f\\L2j\g\\^oj. 

which gives (5), as well as by 

c||/llLf(Li)lbllL2, < 4f\\xoA\9\\Ll^ 

leading to (6). 

Lemma 1.4 Let b > 1/2 and < 6 < 1 . Then the estimate 




holds, provided the space dimension n fulfills 2 < n < 4 . 
Proof: We have 

\\uv\\x-^,-b = II <T+|eP >-^<i>-^ j u{il,Tl)v{^,2,T2)dv\\q^ 

where dv = d^idri and (^,r) = (^i + ^2,^1 + T2). We split the domain of 
integration into the regions A and B, where in A we have |,^i| < c|^| implying 
1^2! < c|^|. So the contribution from this part is bounded by 

c|| < T + leP 1 < 6 >-® ui^i, n) < 6 >®-' ^^(6, r2) di^hi^ 

= c\\{J~®u){J®~^v)\\xo,-b < c||u||x-e,6||?;||^e-i,(, 

by (3). Next we consider the region B, where |^| << |^i| ^1^21- This implies 
(for e > sufficiently small) 

Ien6l®l6l'-® < c(< r + lei' >' + <n + 161' + < r2 ± 161 >') 

Thus we get three contributions from region B, the first of them being 

\\{J~^u){J^-^v)\\L2^H-^-e) < c\\u\\x-&AMx2-^^'' 

by (4). Writing A* = J^^^ < r+|^p >^ the second contribution (corresponding 
to the symbol < n + |6P >^) is 

\\{A''J-^u){J^-^v)\\x-i-:-b < c|lA^J-®n||i2j|J®-ii;||^o,6 

= clltxll^-e.bllvll^e-i.b 

where we used (5). Finally, a similar argument using (6) gives the same bound 
for the third contribution (corresponding to < T2 ± |6| >^)- 
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p\'^(f)dx 







2 The Klein-Gordon-Schrodinger system 

We consider the Cauchy problem for the KGS system (1) in space dimension 
2 < n < 4 . This system satisfies the conservation laws 

wmh^^M (9) 

and 

wmmh + ^iWA'^'mwh + umh) - J imfmdx = e (lo) 

where A := —A + 1 . 

By Gagliardo-Nirenberg we have for 6 > n > 3 : 

<ll0|L^IIV'll%IIV'lli2"<cpV2^||^,||VV;||2^2||^||6-n 

If n = 3 this is easily estimated by iH^^/^c/^H^j + iHWH^a +£11^-1112, if n = 4 we 
have a bomid by |||A''-/^'i/'|li2 + ^||VV'|||2 , provided ||'0o||l2 is sufficiently small. 
Because the case n = 2 is easy to handle we have by the conservation laws in the 
case 2 < n < 4 an a-priori bound 

\\m\U + \\Ht)\\H^ + WMmL^ < const Vt G R+ 
The equivalent first order system reads as follows: 

iVt + AV' = -^(0+ + </._)V' 

icP±tTA'/^ct>± = T^-V2(|^|2) (11) 

V'(O) = ^0 , '/)±(0) = </>o±iA-VVi =: 4>o± 

where (j)± = (f)ziz iA^^/'^(j)t or, conversely, (f) = + 4>-) , 2iA~^/'^(f)t = — 

Using the corresponding system of integral equations 

Jo 2, 

^^{t) = e^^'^'''<Po±±i te^^^'-^^^'''A-y\ms)\')ds (12) 

Jo 

and Lemma 1.2 combined with the energy bound above we get the following 
version of the existence theorem by standard arguments: 

Proposition 2.1 Let s > 1 , m > satisfy s — l<m<s + 2. Assume 
■00 S , (/)o± € H"^ . Then there exists T = T{\\iPq\\^i, \\(t)o±\\H^) > ; where 
5 = 0, if 2 < n < 3 , and 5 > arbitrarily small, if n = 4 , such that system 

1 — _|_ 

(11) has a unique solution ip G X^'2+ [0,r] , 4)± G X^'^ [0,T] (especially 
G C'^{[0,T],H') G C^{[0,T],H"')). This solution satisfies: 

\m^.,h+^o,T] + U+K-^^lo,T]'^^^^^^^ 

for a > 1 , p > and a — l<p<a + 2 . This solution exists globally, provided 
1 1 ■00 1 1 L2 is sufficiently small in dimension n = 4. 
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Remark: A global existence result for rougher data also holds true, namely 
(V'o, <Po±) G X H"" with 1 > s, m > 7/10 and s + m > 3/2 (cf. [13]). 

Our aim is to give a bound in time for ||V'(OII-H''' ll^±(^)||i/'" ^oi s, m » 1. 

The proof uses the following well-known elementary observation (used by 
[3],e.g.). 

Lemma 2.1 Assume f G C'^(R'^, R"*"). Moreover assume the existence ofto>0 
s. th. Vr, t E [t,t + to] the following estimate holds 

f{t)<f{T)+cfir)'-' 

where 0<5<l,c>0. Then there exist ci , C2 > s. th. 

fit) < Cl/(0) + C2t's 

fort>0 . 

Our main result for the KGS system is the following: 

Theorem 2.1 Let s > 1 be an even integer, m >3 and s + 2>m>s — 1 . For 
2 < n < 4 assume that (V'c^Oj'Ai) € i/* x H"^ x H"^~^ with \\iPo\\l^ sufficiently 
small in the case n = 4 . Then the global solution of Prop. 2.1 for the KGS 
system (1) fulfills: 

\m)\\Hs + wmwu^ + Utm\H^-^ < c(i + (13) 

where | = max( ^~^^ , s — 1, j^^^) ■ If in addition s<m<s + l,we have 
i=.-l . 

Proof: Wc use the KGS system (11) on any interval / where the local existence 
theorem Prop. 2.1 applies. We assume w.l.o.g. / = [0, T]. 
Estimate for the Schrodinger part: 

WmWh - \\M\h = [ ^mr)\\l. dr = 2Re < Mr),Hr) >H^ dr = 

2Re{i / < A^j{t),^j{t) >h^ dr) + 2Re{i / < (1 - A)^^p(p),{l - A)^ >l2 dr) 
Jo Jo 

The first term vanishes, since < AiI>(t),iP{t) >h'G R , and the second one can 
be estimated by 

c J2 / I < i^"V(r)£'"^V(T), (1 - A)§V(r) >L2 I dr 

|ai| + |a2|<s , |«2|<s 

In this sum no \a2\ = s - contribution occurs, since < (/>(r), |(1 — A)2^|2 ^L%^ 
The |ai I = s - contributions can be estimated by Lemma 1.4 with ^ = and Prop. 
2.1: 

I < V(r),Z)"^0(r)(l - A)f V(t) >lI I dr < HV-IIxl^c/) 

< c||V'||xM(/)(ll<^'"V+llx°-''(7) + \\J"~^'f>-\\x'!:\i))U\\x'^»{i) (14) 

< c(||^o||hi + 11(00+, 0o-)||ifi)(||(?^o+,^o-)||if''-i + ||V'o||i?''-3+) 
x(||V'o||i/» + ||(<^o+,0o-)lk^-i+) 
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(here ||(0o+, <Ao-)||^o-i := ll^'^o+ll^s-i + \\(j)o-\\ns-i )• Proceeding similarly with 
(3) instead of Lemma 1.4 we get the following bound for the remaining terms: 

+ II js^l"! 1.6(7) + ll</'-|lxl_«il'''(7))ll^llxl«2l.i'(7)ll'0llx''.''(7) 

|ai| + |a2|<s , |ail,la2l<s 

<c||V'llx''.f(7)((ll^+llx;-i'''(/) + 11^- llxr ^^^^ 
+ (ll'?!'+llxi'''(7) + ll'?^-llxi'''(z))ll'^ll^=-i'''w) 

<c(||'0o||//'' + \\{4>o+,4>o-)\\H''-^+)[{\\{4>o+,4>o-)\\H''-i + IIV'oIIh'=-3+)(||V'oIIhi 

+ ||(<^o+,0o-)lki) + (||(V'o+,</'o-)lki + ||V'o|ki)(||V'o|k-i + ||(</'0+,<^0-)||i/^^^^ 
Taking into account that ||^o||ifi + ||(<?^o+j 0o-)||i?i < const we arrive at 

wmwh - wMh (16) 

< c(||((;i!)o+,^o-)||i?''-i + Ho\\H---^)iHo\\H- + ll(<;^o+,0o-)||if-) 

< c(||(</.o+,</.o-)|iy^ + ||V'0||ff/^)(||V'0||i/^ + ||(</'O+,0O-)||if-) 

with i?i = ( € (0, 1] , provided m > s - 1 > 1) and with 1^2 = ^ ■ 

Estimate for the Klein-Gordon part: a similar computation as above shows 
that 

\\{Mt),<l^-m\Hr.-\\{(l>0+,(f>0-)fHr. 

= 2Re{i f < J— i(|V(r)|2), J-(</.+ (r) -0_(r)) dr) 
Jo 

< c(||V'o||f/'"-2 + ||('?!'o+,</'o-)||/f™-3+)(||(<^o+,</'o-)||//'" + llV'olb— 2+) 

< cdlVoliy^ + ||(<^o+,</>o-)|llr"?')(||(</'o+,</>o-)||i/- + llV'oIkO (17) 

with -ds = ^"^j*"^ and i?4 = , where we now used Lemma 1.4 with = 1. 

Conclusion: combining (16) and (17) we see that for 

f{t) = \m)\\h + \\{Mt),ci>-m\Hm 

the inequality 

/(0</(0) + c/(0)i-t 

holds with 1? = mini<i<3 -di , provided s + 2 > m > 3 and m > s — 1 > 1 (remark 
that -di < ■!?4). Lemma 2.1 gives f{t) < c(l + t)s , where | = max( ^"^~^^ , s — 
1, ^~\r, ) . This implies the claimed result. 

3 The Zakharov system 

The Cauchy problem for the Zakharov system (2) is considered in space dimension 

n = 2 and n = 3. 

The conservation laws are the following: 

\m)\\L-^M (18) 
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and 

E{i^, </>)=! (I + + \V\'') + </>|V'l') dx (19) 

where div V = (f>t . 

It is well-known (cf. [17], Proof of Thme. 1) that this implies a uniform a-priori- 
bound 

Mlm + Uh^ + ||(-A)-i/20,|l^. <K Vt G R+ (20) 

if ||V'o||l2 is sufficiently small for n = 2, and if HV'olli?! + ||0o||l2 + ||(— A)~"^''^0i||l2 
is sufficiently small for n = 3 . 
The equivalent first order system is 

iVt + AV- = ^(</.+ + </._)^ 
i0±t T (-A)i/2,^± = ±(-A)i/2(|^|2) (21) 
V'(O) = V'o , </'±(0) = 0o±*(-A)-i/2^i =: 0o± 
where (p± = (p ± i(— A)~-^/^^j or, conversely, t;^ = ^(0+ + 0-) , 2i{—A)^^/'^(pt = 

The corresponding system of integral equations is 

m = (^'''i^o-i f e'^'-'^''\{Ms) + (t>-{s)ms)ds 
Jo 2 

Mt) = eT^*(-^)^'Vo±^i re^^(*-^)(-^)'''(-A)V2(|^(,)|2)d. (22) 

Jo 

Lemma 1.1 and 1.2 combined with the energy bound above implies the following 
existence theorem by standard arguments: 

Proposition 3.1 Let n = 2orn = 3,s>l,m>0 satisfy m + 1 > s > m . 

Assume ipo € , (j)Q± € H'^ . Then there exists T = T(||V'o||_h-i-, ||</'o±||l2) > 
such that the system (21) has a unique solution ip € X*'2 + [0, T] , (f)± G 

' ^ [0, r] . This solution satisfies 

for l<a<s,0<p<m and a > p > a — 1. This solution exists globally, 
provided ||'0o||l2 is sufficiently small for n = 2 , and provided ||'0o||ifi + ||'?!'o+||l2 + 
11^0- is sufficiently small for n = 3. 

Remark: A more general local result for rougher data can also be given (cf. [8]). 

Our aim is to give a bound in time for ||V'(^)||i?'' and ||^-|-(i)||^i-m for s, m » 1. 
The main result is the following 

Theorem 3.1 Let n = 2 or n = 2> , let s > (an even integer) and m > 
satisfy m+ 1 > s > m . Assume il^o & , <f>o ^ , (-A)~^/^^i G with 
11^0 sufficiently small for n = 2, and with ||^o||_f/i + II'/'oIIl^ + ||(~A)~-'^/^0i||£^2 
sufficiently small for n = 3 . Then the global solution of Prop. 3.1 for the 
Zakharov system fulfills 

wmwn^ + \\m\\H^ + \\{-A)-'/^cptmH^ < c(i +0* 

where I = max(^^^, f^+) . 

Vm— s+l' s—m ' 
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Remark: Especially, for m = s — ^ we have | = (s — l)(2s — 1) = 0(2s^) , and 

for m = s — i we have ^ = O(s^) . 

Proof: Estimate for the Schrodinger part: In the proof of Theorem 2.1 we 
have shown in (14) and (15): 

\\i'it)\\H'' - UoWh < c(||^/'||xi.i>{7)(||</'+llx^-i.f.(j) + U-Wxi-^-bil)) 

By use of Prop. 3.1 and (20) the latter is estimated by: 

c[(||V'o||hi + ll(</'o+,0o-)||//o+)((||((/)o+,(/'o-)||//--i + Uo\\h--^+)) + (llV-oll//--! 

+ 11(00+, <Ao-)||j/--2+(||(</'0+,</'0-)||j/i + IIV'o||//i+)](ll^o||//- + \\{(pO+,4>0-)\\H''-i+) 

< c[(l + ||(<^o+,</)o-)|l2^t)(||(</.o+, <t>o-)\\^ + Uo\0^) 

HWMB' + \\i<f>o+,h-)\\^^)mo+,<Po-)\\Srn + WMh-s)] 

x{\\^o\\h- + 11(00+, '/>0-)||i?'") 

< c(||(0o+,0o-)||^^ + IIV'olll?^ + \\M\W\\i^o+,<f>o-)\\Sm) 

xiUoWH' + 11(00+, 00-) Ilif-) 

< c(||(0o+,0o-)||y^ + Uo\\H~s^'){\mHs + 11(00+, 0o-)lk-) (23) 
where i?i = ^^^^ . 

^ m(s—l) 

Estimate for the wave part: In the estimate for the Klein-Gordon part in the 
proof of Theorem 2.1 we replace the term J~^{\ijj\'^) by J~^A(|V'P) and arrive at 

||(0+(t),0_(i))||2,^-||(0o+,0o-)||^^ 

< c||'0||xi.*'(7)ll'0llx-.*'(/)(ll0+llx7-''(7) + 110- 1 1 x::^''' (7) ) 

< cdlV'ollifi + 11(00+, 0O-)||ifO+)(||V'o|k- + 11(00+, 0O-)||if—i+) 

x(||(0o+,0o-)|U- + ||V'ok-+) (24) 

< cdlV^oliy^ + ||(0o+,0o-)||^-i^)(||(0o+,0o-)||i/- + UoM (25) 

where we used (20) and Prop. 3.1. Now i?2 = and ??3 = ^- • Adding (23) 

and (25) we get: 

WmWh - WMh + ||(0O+,0O-)||l7^ - ||(0O+,0O-)|||7^ 

< c(||(0o+,0o-)||y^ + IIVoll^-/^ + WMhs^' + ||(0o+,0o-)|llr^^^) 
(11(00+, 0o-)I|h"' + ll'0o||if=) 

Using Lemma 2.1 this implies the claimed estimate similarly as for the KGS 
system. 
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